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One of the important discoveries of the past few years in string theory is that a vast
number of consistent string models are not disconnected, but actually dierent vacua re-
lated by smooth deformations or more radical phase transitions. This view has emerged
from a better understanding of the non-perturbative spectrum of string theories and of
their non-perturbative dualities. In particular, for type II string theories with N = 2
supersymmetry in four dimensions, it has been found that a wide class of Calabi-Yau
(CY) compactications were related by smooth topology-changing \conifold" transi-
tions [1], whereby a two-cycle shrinks to zero size and reappears as a three-cycle (see
also [2, 3, 4]). While this transition was known at the mathematical level [5], string
theory gives a smooth representation of this transition by providing the low-energy de-
grees of freedom that resolve the singularity on the conformal eld theory moduli space:
namely, the Ramond-Ramond charged black holes that become massless at the singu-
larity [6, 7]. The purpose of this work is to study such topology-changing transitions
in a N = 1 setting.
N = 1 vacua in four dimensions can be constructed in many ways. The heterotic
string compactied on a CY threefold, possibly in the presence of 5-brane sources,
has been intensively studied but is complicated by the fact that a superpotential may
be generated already at tree-level by worldsheet instantons [8, 9]. Type I strings or
orientifold of type II on CY threefolds are another option, and conifold transitions were
in particular considered in type I’ string theory in [10]. This can also be reformulated
geometrically as compactications of F-theory on a CY fourfold [11], or by considering
space-lling branes wrapped on supersymmetric cycles in type II compactications on
CY threefolds [12, 13, 14]. In this work, we consider another geometric realization,
namely M-theory compactied on 7-manifolds of exceptional holonomy G2. Using the
invariance under Peccei-Quinn-type symmetries, one can argue that in this case the
superpotential may arise only at the non-perturbative level from membrane instantons
[15, 16]. Joyce has proposed a relatively simple construction of G2 manifolds [17, 18],
as a quotient
G = (C  S1)=Z2 (1.1)
of the product of a CY threefold C and a circle S1 by an involution  = wI acting as an
inversion I: x10 ! −x10 on S1 and as an antiholomorphic involution w on C such that
1
w(J) = −J and w(Ω) = ei Ω, where J and Ω are the Ka¨hler form and holomorphic
three-form, while  is a real constant. The main goal of this paper is to study topology-
changing transitions between G2 manifolds of the form (1.1) resulting from conifold
transitions in C. We shall focus on the simplest (Abelian) type of transition, but
our discussion could easily be generalized to more complicated non-Abelian transitions
[19, 20, 21, 22]. Compactications on singular G2 manifolds have also been considered
from the point of view of geometric engineering in1 [23]. We shall also disregard the
superpotential that might be generated on either side of the transition by instantons.
Such a superpotential may lift part or all of the branches of the moduli space on either
side, and in particular drive the theory to the conifold point. At any rate, it does not
prevent a continuous transition between the remaining vacua in configuration space,
which is a necessary condition for the existence of tunneling processes between N = 1
vacua.
Besides extremal transitions, CY manifolds can also be related by mirror symmetry.
This is not a continuous transition between dierent CY’s proper, but rather a smooth
cross-over between dierent geometric descriptions of a same CFT in dierent regime
of moduli space. Mirror symmetry has also been conjectured to hold in the context of
G2 manifolds [24, 25], although much less is known, for lack of a precise understanding
of the CFT. Although this is somewhat peripheral to the focus of the present work,
we shall also exhibit various examples of G2 manifolds, whose Betti numbers satisfy
b2 + b3 = constant. This relation is a necessary condition for G2 manifolds to be mirror
[24], and it would be interesting to investigate whether the CFT’s underlying these
examples are indeed equivalent.
The plan of this work is as follows. We start in Section 2 by recalling some back-
ground about G2 manifolds, discuss Joyce’s construction and classify possible antiholo-
morphic involutions. Section 3 is a short review of conifold transitions in Complete
Intersection Calabi-Yau (CICY) manifolds on which we focus in the following. In Sec-
tion 4, we discuss transitions between G2 manifolds triggered by a conifold transition in
the underlying CICY, both from the mathematical and physical point of view. For the
latter, we show that conifold transitions correspond to either a change of scalar branch
in the N = 1 moduli space, or to a standard Higgs eect. In section 5, we briefly
discuss the case where the involution has a non-empty xed point set, and in particular
when it contains nodal points of the conifold. We point out the existence of topo-
logically dierent branches emerging from the conifold, depending on the existence of
xed points in the deformed or resolved manifold. These transitions are closely related
to the topological transitions of special Lagrangian 3-cycles in CY 3-folds discussed in
[26, 27, 13].
1As this work was nalized, a preprint appeared [39] which discusses non-Abelian singularities in
local models of G2 manifolds.
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2. G2 manifolds as Calabi-Yau orbifolds
2.1. General facts about G2 manifolds
Seven-manifolds of exceptional holonomy G2  SO(7) have one covariantly constant
spinor , as apparent from the branching rule 8 = 7  1 of the spinor representation
of SO(7). Equivalently, there is one covariantly constant three-form , closed and
co-closed [28]. Locally, one may choose an orthogonal frame ei in which
 = e127 + e136 + e145 + e235 + e426 + e347 + e567 ; eijk = ei ^ ej ^ ek ; (2.1)
where we recognize on the r.h.s. the structure constants of the unit octonions. Com-
pact G2 manifolds provide N = 1 supersymmetric backgrounds for classical eleven-
dimensional supergravity. The massless spectrum follows from simple homological con-
siderations [29]. The deformations of the three-form  yield b3 real moduli, which
combine with the flux of the 3-form C and the modes of the gravitino into b3 N = 1
chiral multiplets. In addition, the reduction of the three-form on the b2 2-cycles yields
b2 gauge elds, which together with the reduction of the gravitino make up b2 N = 1
vector multiplets. The Ka¨hler potential and gauge kinetic term are simply obtained
from the volume V of the manifold and intersection matrix respectively, while the
superpotential vanishes in the classical supergravity approximation. By the usual ar-
guments of holomorphy and Peccei-Quinn symmetry, it remains zero to all orders in
1=V , but may be generated by membrane instantons [16].
2.2. Joyce’s construction of G2 manifold
The rst examples of compact G2 manifolds have been constructed by orbifold con-
structions T 7=Γ, where Γ is a discrete group commuting with a G2 subgroup of SO(7)
only [17, 18]. The xed points singularities can be resolved by appropriately gluing in
Eguchi-Hanson spaces with SU(2) holonomy, so that the total holonomy lies in all of
G2. This construction can be repeated by orbifolding other compact 7-manifolds with
reduced holonomy such as K3  T 3 or, more generally, C  S1 for a CY threefold C.
One thus considers quotients
G = (C  S1)= (2.2)
where  = wI is an involution acting as I: x ! −x on S1 and antiholomorphically
on C.  must in addition be an isometry, so that w(J) = −J and w(Ω) = ei Ω. The
closed and co-closed four-form
 = J ^ dx + <(e−i=2Ω) (2.3)
is invariant under , and provides the quotient (C  S1)=Z2 with a G2 structure.
In general, the involution w may have a non-empty xed point set  on C, which
is then a compact special Lagrangian 3-cycle [30]. In that case, one must in addition
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resolve the singularity of the quotient, by gluing in an Eguchi-Hanson space in the
space transverse to . It appears necessary to have b1() > 0 in order for a resolution
to exist. This is not surprising, since this is also the number of deformations of the
special Lagrangian 3-cycle  [31]. In the following, we concentrate on orbifolds without
xed points, but we will return to the problem of xed points in Section 5.
The Betti numbers of the manifold in (2.2) can be counted as follows. Let us denote
h11, h12 the Hodge numbers of the CY and h

11 the number of even (odd) two-forms.
The number of invariant two-forms on (C  S1)=wI is then simply h+11, while three-
forms are obtained by wedging the h−11 odd two-forms on C with dx. Moreover, the real
parts of the three-form in H1;2(C)H2;1(C) and H0;3(C) H3;0(C) are also invariant.
The untwisted Betti numbers of G are therefore
b2 = h
+
11 and b3 = 1 + h
−
11 + h12 : (2.4)
In the non-freely acting case, one has to add the contribution of the desingularization
of the xed points, as we discuss in Section 5.
For simplicity, we will restrict our attention to G2 manifolds constructed out of
Complete Intersection CY (CICY) threefolds [32, 33], i.e. dened by a set of homo-
geneous equations in a product of projective spaces P = ∏rk=1 CPnk . The full moduli






where V is a column r-vector, whose entries are the dimensions of the r embedding CPnk
factors, and D is a rh matrix, where h = ∑rk=1 nk−3 is the number of homogeneous
polynomial constraints on the projective coordinates. The entry Dk;l is the degree
of the l-th constraint in the homogeneous coordinates of CPnk .  = 2(h11 − h12) is
the Euler characteristic, which is easily computed from the matrix (2.5) [34, 33]. In
order for the manifold to be Ricci flat, we must have
∑h
l=1 Dkl = nk + 1, for all k =
1; :::; r. A particular set of antiholomorphic involutions is then obtained by restricting
antiholomorphic involutions of the projective space P. Requiring this involution to
be an isometry of the CY will restrict the allowed coecients of the homogeneous
equations.
2.3. Antiholomorphic involutions of projective spaces
Let us start by classifying the antiholomorphic involutions w of a single projective space
CPn. We represent them by the matrix M such that zi ! Mij zj . M and M dene
the same involution of CPn for any  2 C, so that we may choose det M = 1. These
involutions have to be classied up to a holomorphic change of basis zi ! Uijzj , which
amounts to M ! U−1MU, where U 2 Gl(n + 1;C). Requiring w to square to 1
projectively imposes MM = I. Taking the trace and determinant of this equation,
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we see that  is real and n+1 = 1. For n even, this forces  = 1, while n odd allows
for the two possibilities  = 1. Requiring furthermore w to be an isometry (i.e.
preserving the Fubini-Study metric of CPn) imposes MM y = I, where  is xed to
1 by the previous choices. Combining this equation with MM =  implies that M
is symmetric for  = 1 and antisymmetric for  = −1. In either cases, the real and
imaginary parts of M commute again due to MM = I. They can therefore be
simultaneously brought into a diagonal form for  = 1 or antisymmetric diagonal form
for  = −1 by a real orthogonal rotation, hence an allowed holomorphic change of basis.
Finally, the phase of the coecients can be reabsorbed by an holomorphic change of
basis. Altogether, we have thus found two distinct antiholomorphic involutions,
A : (z1; z2; : : : ; zn+1)! (z1; z2; : : : ; zn+1)
B : (z1; z2; : : : ; zn; zn+1)! (−z2; z1; : : : ;−zn+1; zn) : (2.6)
The two cases correspond to dierent values of  and cannot be combined in the
same projective factor CPn without spoiling the involution property. In particular, the
involution B is dened for n odd only, and exchanges the projective coordinates by
pairs. These two involutions have very dierent properties, since A admits a xed set
fzi = zig, while B acts freely. For n = 1, these are the reflection along the equator and
the antipodal map of the sphere S2, respectively.
Finally, we may consider antiholomorphic involutions that mix dierent factors in∏r
k=1 CP
nk . The involution must commute with the projective actions, so that the only
possibility is to exchange two identical projective factors,
C : (fyig ; fzig)! (fzig ; fyig) : (2.7)
This involution has a xed point set fyi = zig, which is the diagonal in CPn  CPn.
2.4. Antiholomorphic involutions of CICY
Having constructed antiholomorphic involutions of projective spaces A; B; C, we can
now combine them to construct G2 manifolds from CICY 3-folds as in (2.2). We
shall denote the resulting manifolds by the conguration matrix of the underlying




the projective spaces in the rst column on which the
involution acts by A; B or C, respectively. For example, the conguration matrix 7̂ 1 1 1 1 2 21_ 1 1 0 0 0 0




denotes the family of G2 manifolds constructed from the CICY with the same cong-
uration matrix, by acting with the involution B on CP7 and C on CP1  CP1 (this
example will be treated in detail in Section 4.1.3). The superscripts indicate the Betti
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numbers b2 and b3 counting the two-and three-cycles invariant under the involution,
respectively. When the involution has xed points, it is necessary to add the contri-
bution of the singularities after resolution in order to obtain the correct topological
invariants.
In order for the projective space involution w to restrict to the CY 3-fold, reality
conditions must be enforced on the coecients of the homogeneous equations. This
generically halves the number of allowed complex deformations of the CY. In some cases
however, there is simply no choice of coecients which are preserved by the involution
An example of this is the matrix  5̂ 3 1 1 11 1 1 0 0




for which it is easy to convince oneself that there is no choice of equation of bidegree
(3; 1) in the coordinates of CP5  CP1 compatible with the involution. It is thus
important in practice to check that the projective space involution is compatible with
the CICY conguration matrix.
A second important remark is that the topology of the G2 manifold is not fully spec-
ied by the conguration matrix. Instead, the moduli space of G2 manifolds associated
to a given conguration matrix in general splits into several disconnected components
whose Betti numbers dier from each other by the contribution of xed points. This
is because the locus of xed points under a given involution w undergoes transitions
in real codimension 1, whereby real roots collide and become imaginary in complex
conjugate pairs. In the following, we shall consider cases where the choice of involu-
tion ensures that there is no xed point throughout the CY moduli space, so that one
obtains only one G2 manifold moduli space. We postpone to Section 5 the discussion
of the more challenging case where this assumption is not valid.
3. A review of conifold transition between CICY’s
The aim of this section is to review in some detail some of the mathematical aspects of
conifold singularities and transitions between complete intersection CY’s [1]. A similar
approach will then be taken in the next Section in the N = 1 case.
3.1. An example
Let us consider a CY manifold C1 chosen at a generic point of the moduli space M(1)
associated to the conguration matrix
M(1) =
[
7 1 1 2 2 2





Dene xi (i = 1; :::; 8) and yj (i = 1; 2) the projective coordinates in CP
7 and CP1,
respectively. The dening equations of the manifold take then the form
(S1)

f1(x; y) := P11(x)y1 + P12(x)y2 = 0
f2(x; y) := P21(x)y1 + P22(x)y2 = 0
e2(x) = e3(x) = e4(x) = 0 ;
(3.2)
where the Pk;l (k; l = 1; 2) and en (n = 2; 3; 4) are homogeneous polynomials in xi’s of
degree one and two, respectively. For generic coecients, these equations are transverse,
which means that fi = en = 0 together with df1^df2^de2^de3^de4 = 0 has no solution.
Changing the complex coecients appearing in the dening polynomials amounts to
changing the complex structure of the manifold2. The Ka¨hler moduli on the other hand
correspond to the volumes v7 and v1 of CP
7 and CP1, respectively (together with the
fluxes of the three-form C on the three-cycles dual to J1;7 ^ dx10).
Since yj (j = 1; 2) are projective coordinates, in order to have non-vanishing so-
lutions to f1 = f2 = 0 in (3.2), the matrix of coecients Pk;l must have vanishing
determinant
e]1(x) := P11(x)P22(x)− P21(x)P12(x) = 0 : (3.3)





e2(x) = e3(x) = e4(x) = 0 ;
(3.4)
where the variables y1;2 have been \integrated out". This amounts to having shrunk
the CP1 parameterized by y1;2 to zero size (in particular, the Ka¨hler class of the CP
1
has now disappeared). We are then left with a variety (C]0) in
M(0) = [ 7 2 2 2 2 ]1;65−128  (3.5)
This operation is called a determinantal contraction, and is denoted by
[




7 1 1 2 2 2




(the reversed operation being called determinantal splitting). Conversely, at a generic





2Actually, there is not in general a one-to-one correspondence between the independent polynomial
deformations and the complex structure moduli. See [35, 34] for details.
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has rank one: It therefore determines a unique projective solution of (3.2), which
means that a point in C]0 corresponds to a point in C1. However, when all Pk;l vanish,
the space (3.4) is singular, and there is a full CP1-worth of (y1; y2) satisfying (3.2).
Since Pk;l(x) = 0 (k; l = 1; 2) and en(x) = 0 (n = 2; 3; 4) give us 7 conditions for 7
inhomogeneous coordinates in CP7, this happens at isolated points on C]0 known as
nodal points. A simple counting shows that there are 8 of them. The manifold C1
therefore gives a resolution of the singular manifold C]0, where CP1’s are glued at each
of the nodes.
There is actually another way to desingularize C]0, that is to change the coecients





1(x)− t"2(x) = 0
e2(x) = e3(x) = e4(x) = 0 ;
(3.8)
where t is some suciently small but not zero real number and "2(x) is any homoneneous
polynomial of degree 2 chosen such that it is non zero at any of the 8 singular points
of C]0. We have thus deformed C]0 to a smooth manifold C0 inM(0).
The resolution and deformation described above in fact correspond to the two ways
of desingularizing the local neighborhood of each node, which is homeomorphic to a
real cone over S2S3. In C1 the apex of each cone is blown-up into a sphere S2, while
in C0 the apex is blown up into a sphere S3. The transition between the two is known
as a conifold transition. The change in the Euler characteristic accross the transition
between two CY’s C and C0 is then in general simply understood: Since (S2) = 2,
while (S3) = 0, we have
12[(C)− (C0)] = N ; (3.9)
where N counts the number of nodes at the transition. The change in the Hodge
number is more dicult to compute, and will be explained in Section 3.3.
3.2. The web of complete intersection CY’s
The determinantal splitting illustrated in the example of the previous section can now
be repeated successively for each of the degree two equations e2;3;4. One then obtains a
sequence of transitions M(0)  M(1)      M(4) connecting various moduli spaces
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carracterized by dierent Hodge numbers:
[




7 1 1 2 2 2




 7 1 1 1 1 2 21 1 1 0 0 0 0






7 1 1 1 1 1 1 2
1 1 1 0 0 0 0 0
1 0 0 1 1 0 0 0






7 1 1 1 1 1 1 1 1
1 1 1 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0
1 0 0 0 0 1 1 0 0














In this sequence, the last moduli space we denoteM(1111) was obtained by sending the
volume v7 of CP
7 to zero. It is again obtained by determinantal contraction as follows:
write the system of 8 equations associated toM(4). Since these equations are linear in
xi (i = 1; :::; 8) and that projective coordinates in CP
7 cannot vanish simultaneously,
the 88 determinant of coecients of the xi’s must be zero. Denoting by yj, zj , tj and
uj (j = 1; 2) the projective coordinates of the 4 CP
1’s used in the denition of M(4),
this determinant D] is an homogeneous polynomial of degree 2 in each of the variables
y, z, t and u. When the volume of CP7 is shrunk to zero, we may integrate out the
variables xi and replace the 8 equations by the single quadratic equation
D](y; z; t; u) = 0 : (3.11)
This denes as in the previous section a singular variety inM(1111) that can be deformed
to a generic smooth manifold.
Actually, the moduli space M(1111) plays a central role in the construction of the
web of CY’s since any CICY moduli space can be related to it by performing a nite
number of determinantal splittings and contractions. We conclude this section by giving
another example of sequence we shall consider later, originally considered in [1]. This







5 4 1 1




 5 3 1 1 11 1 1 0 0






5 2 1 1 1 1
1 1 1 0 0 0
1 0 1 1 0 0






5 1 1 1 1 1 1
1 1 1 0 0 0 0
1 0 1 1 0 0 0
1 0 0 1 1 0 0















3.3. Black hole resolution of the conifold singularity
The presence of singularities on the Ka¨hler (resp. complex structure) moduli space of
(2; 2) superconformal Calabi-Yau sigma-models where 2-cycles (resp. 3-cycles) vanish
has been a long standing problem in the context of type II superstring compactications
on a CY threefold C. The issue is particularly sharp in the case of the type IIB string
at a complex structure singularity, since the metric on the vector multiplets is exact
at tree-level in perturbation theory, and receives no worldsheet instanton corrections.
The logarithmic singularity in the N = 2 prepotential signals that some light degrees
of freedom have been integrated out. Indeed, the type IIB theory possesses D3-branes,
which by wrapping the vanishing 3-cycle yield light black hole states in four dimensions.
Those are BPS hypermultiplets charged under the U(1) vector associated to the cycle
and whose mass is proportional to the volume of the vanishing cycle, m / Vγ3=gs,
where gs is the string coupling constant. These states are massless at the conifold
even at arbitrarily weak coupling and, when taken into account, yield a smooth low
energy eective action [6]. The case of singularities in the Ka¨hler structure of type IIA
compactications is identical, with D2-branes wrapped on the vanishing 2-cycle playing
the role of the massless black holes, and we shall refer to these two cases as the \vector-
conifold". The reversed process, namely singularities in the Ka¨hler structure of type
IIB compactications, or complex structure of type IIA, occur in the hypermultiplet
moduli space, and is of a dierent nature from physical point of view. We shall refer
to them as the \hyper-conifold". In that case, the Euclidean D-string wrapped on
the vanishing 2-cycle (or D2-brane wrapped on the vanishing 3-cycle) yield space-time
instantons, that have been argued to correct the singular metric on the hypermultiplet
moduli space [36]. At the same time, the wrapped D3 (or D4) yield tensionless strings,
which provide the missing degrees of freedom [37]. Note that from the mathematical
point of view, the vector- and hyper-conifold are the two sides of the conifold transition,
since a two-cycle is shrunk to zero size and reappears as a three-cycle.
The mathematical transition between Calabi-Yau manifolds can be understood as
Higgsing/un-Higgsing of the low-energy degrees of freedom as follows [7] (we phrase
our discussion in terms of the type IIA vector-conifold). Consider a singularity in the
Ka¨hler moduli space, where N 2-cycles γa (a = 1; :::; N) go to zero size simultaneously
(N = 8 in our rst example Eq. (3.6)). In general, these distinct cycles are not
independent in homology, but they satisfy R relations of the form
r1γ1 +   + rNγN = 0 (r = 1; :::; R) ; (3.13)
for some integer ra (a = 1; :::; N ; r = 1; :::; R). The membranes wrapped around
the 2-cycles give N black holes hypermultiplets, which are charged under the (N −R)
independent U(1) massless vector elds arising from the reduction of the 10-dimensional
three-form C on the (N −R) homology classes. In all the transitions considered in the
previous section, the N vanishing cycles are all proportional in homology to the same
S2, whose volume is sent to zero, so that R = N − 1.
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Due to their charges, the hypermultiplets are no longer decoupled from the vectors,


















where T I are the complex scalar elds in the vector multiplets, and (ha; ~ha) the chiral
elds associated to the N black holes hypermultiplets, with charge qaI under the I-th
U(1) factor. In the Coulomb phase where T I condense, all hypermultiplets get a mass,
yielding the massless spectrum on the CY C. In the Higgs phase on the other hand,
3(N−R) among the 4N real scalars degrees of freedom are xed by the D-term and T I ’s
F-term conditions, and another (N − R) is gauged away by the U(1)N−R vector elds
getting massive. This leaves 4R real flat directions in the potential corresponding to R
neutral hypermultiplets. The spectrum in the Higgs phase consists of h12 + R neutral
hypermultiplets together with h11−(N−R) abelian vector multiplets coupled to N = 2
supergravity. This is the spectrum of a compactication on a new CY C0, whose Hodge
numbers are h012 := h12 + R and h
0
11 := h11− (N −R). This is precisely what we found
by determinantal contraction in all the examples considered in the previous section, as
can be checked by using Eq. (3.9).
4. Conifold transitions between G2 manifolds
Having recalled the necessary background on the conifold transition between Calabi-
Yau manifolds, we now discuss the transition between G2 manifolds constructed by a
freely acting quotient (CS1)=. The non-freely acting case will be discussed in Section
5. We start by considering the same transition as in Eq. (3.6), but now keeping track
of the antiholomorphic involution .
4.1. An example
Let us consider a G2 manifold constructed from our rst example (3.1). Since the
embeding space in this case is CP7CP1, we may choose an involution of type A or B
on each factor, thus giving 4 dierent orbifolds. In order to exclude the possibility of
xed points, we choose the involution B acting on CP7. As we shall see, this action can
be combined with any of the involutions A or B on CP1 (and also involution C acting
on two CP1’s), to give a consistent involution .
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4.1.1. Involution B B on CP7  CP1
We start by considering the conguration matrix
N (1) =
[
7̂ 1 1 2 2 2
1̂ 1 1 0 0 0
]0;61
; (4.1)
where we anticipated the values of b2 and b3 that will be determined momentarily.
The invariance under the involution w: xi ! ^xi (i = 1; :::; 8), yj ! ^yj (j = 1; 2)
puts constraints on the polynomials appearing in the system (S1) of (3.2). Indeed, the
transformed system under the involution should be equivalent to the complex conjugate
of the original one:{
f1(^x; ^y) = f2(^x; ^y) = 0
e2(^x) = e3(^x) = e4(^x) = 0
()
{
f1(x; y) = f2(x; y) = 0
e2(x) = e3(x) = e4(x) = 0 ;
(4.2)
where fi(u; v) (i = 1; 2) is the polynomial fi(u; v), whose coecients have been changed
to their complex conjugates, while x^2p−1 = −x2p, x^2p = x2p−1 (p = 1; 2; 3; 4), and
similarly for en (n = 2; 3; 4) and y^j (j = 1; 2). As a result, there should exist two
















where we have used the fact that the dummy variables satisfy ^^x = −x, ^^y = −y. The
consistency of this system imposes
MM = I and NN = I : (4.4)
By considering linear changes of basis on the equations f1;2 and e2;3;4 similar to whose
considered in Section 2.3 for projective coordinates, it is possible to choose M = I,
N = I, without loss of generality. As a result, the coecients of the equations must
satisfy
fi(x; y) = fi(x^; y^) (i = 1; 2) and ej(x) = ej(x^) (j = 2; 3; 4) (4.5)
or equivalently in terms of the polynomials Pkl:
Pk1(x) = Pk2(x^) (k = 1; 2) : (4.6)
This condition halves the number of parameters appearing in the coecients of the
dening polynomials. This is in agreement with the eect of the orbifold on the un-
twisted spectrum discussed in Section 2.2, at least when the parameters appearing in
the dening equations are in one-to-one correspondence with the complex structure
moduli of the CY (see earlier footnote in Section 3.1).
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The Betti numbers of a G2 manifold G1 belonging to N (1) can be determined simply
as follows. The harmonic (1; 1)-forms of the CY are the pull-back of the Ka¨hler forms
J7 and J1 of the projective spaces CP
7 and CP1, which are odd under the involution.
Hence h+11 = 0, so that using h11 = 2, h12 = 58 for the CY, we nd from (2.4) that
b2 = 0 and b3 = 1 + 2 + 58 = 61. Note that this is the complete spectrum, since there
are no xed points that could contribute twisted sectors.
We can now perform the determinantal contraction described in Section 3.1 by
sending the volume v1 of CP
1 to zero and going to the description in terms of the
system (3.4). We then note that the relations
e]1(x) = e
]
1(x^) and ej(x) = ej(x^) (j = 2; 3; 4) (4.7)
hold, thanks to Eq. (4.6) and to the fact that Pkl are polynomials of odd degree. This




7̂ 2 2 2 2
]0;67
: (4.8)
Indeed, proceeding as for N (1), it is easy to show that the 4 generic homogeneous
equations of degree 2 in (3.8) have to satisfy the same constraints as in (4.7). G]0 may
now be deformed into a smooth manifold onN (0) by considering some real t and "2(x) in
(3.8) such that "2(x)  "2(x^). The Betti numbers on N (0) are found in the same way as
above: The Ka¨hler form J7 is odd, so that h
+
11 = 0, which along with h11 = 1, h12 = 65
implies b2 = 0 and b3 = 67. As a result, we have described the conifold transition
obtained by determinantal contraction from N (1) to N (0). This will be denoted:
[




7̂ 1 1 2 2 2
1̂ 1 1 0 0 0
]0;61
: (4.9)
On the double cover of the orbifold G1, at each point of S1, the CY admitting the
isometry BB have 8 S2’s that have shrunk to points on G]0 before being deformed to
S3’s on G0.
4.1.2. Involution B A on CP7  CP1
We now consider the conguration matrix[
7̂ 1 1 2 2 2
1 1 1 0 0 0
]0;61
: (4.10)
The system (S1) of Eq. (3.2) must satisfy{
f1(^x; y) = f2(^x; y) = 0
e2(^x) = e3(^x) = e4(^x) = 0
()
{
f1(x; y) = f2(x; y) = 0
e2(x) = e3(x) = e4(x) = 0 ;
(4.11)
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Since fi(x; y) (i = 1; 2) is of odd degree in x, Eq. (4.4) is now replaced by
MM = −I and NN = I : (4.13)
By considering changes of basis in the dening equations, we may impose without loss





and N = I:
f1(x; y) = f2(x^; y) and ej(x) = ej(x) (j = 2; 3; 4) (4.14)
or equivalently
P1l(x) = P2l(x^) (l = 1; 2) : (4.15)
The Betti numbers of the G2 orbifold can be computed in the same way as before,
yielding b2 = 0, b3 = 61. Upon sending the volume of CP
1 to zero, the system becomes
(S]0) in Eq. (3.4), which satises Eq. (4.7), as can be seen from Eq. (4.15). This
shows that we arrived at a singular point of the moduli space N (0). As before, we can
then deform the orbifold to obtain a smooth manifold of N (0). Thus, we nd another
transition, whose end point is in N (0):[




7̂ 1 1 2 2 2
1 1 1 0 0 0
]0;61
: (4.16)
4.1.3. Involution B  C on CP7 CP1 CP1
So far, all the G2 manifolds that we constructed had b2 = 0. This is because the Ka¨hler
forms J7;1 were odd so that h
+
11 was always zero. We are going to see now that this is
not a general feature, when one uses involutions C. As an example, let us consider the
conguration matrix  7̂ 1 1 1 1 2 21_ 1 1 0 0 0 0




where b2 will turn out to be one. The corresponding system of equations
(S2)

f1(x; y) := P11(x)y1 + P12(x)y2 = 0
f2(x; y) := P21(x)y1 + P22(x)y2 = 0
f3(x; z) := P31(x)z1 + P32(x)z2 = 0
f4(x; z) := P41(x)z1 + P42(x)z2 = 0
e3(x) = e4(x) = 0 ;
(4.18)
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where Pk;l (k = 1; :::; 4 ; l = 1; 2) and en (n = 3; 4) are polynomials in xi’s of degree
1 and 2, respectively, while zj (j = 1; 2) are projective coordinates for the second CP
1
factor. For this system to dene a manifold satisfying the discret isometry B on CP7,
C on CP1  CP1, we must have
f1(^x; y) = f2(^x; y) = 0
f3(^x; z) = f4(^x; z) = 0
e3(^x) = e4(^x) = 0 ;
()

f1(x; z) = f2(x; z) = 0
f3(x; y) = f4(x; y) = 0
e3(x) = e4(x) = 0 ;
(4.19)





























The consistency of this system implies that MM 0 = −I and NN = I, so that we may
choose without loss of generality M = −M 0 = I; N = I. As a result, the conguration
matrix in Eq. (4.17) corresponds to the system (S2) in Eq. (4.18), with the constraints
fk(x; y) = fk+2(x^; y) (k = 1; 2) and ej(x) = ej(x) (j = 3; 4) ; (4.21)
which gives
Pkl(x) = Pk+2;l(x^) (k; l = 1; 2) : (4.22)
To determine the Betti numbers, denoting by J7; J1; J
0
1 the Ka¨hler forms of the
three projective spaces, we note that J7 and J1 + J
0
1 are still odd, but J1 − J 01 is even.
The volume of the two CP1 are therefore restricted to be the same, but their common
volume is free to vary. Hence h+11 = 1, and since h11 = 3, h12 = 51, we nd b2 = 1,
b3 = 1 + 2 + 51 = 54. These are the exact values of the Betti numbers, since again
there are no xed points that could contribute twisted sectors.
Let us now replace the equations fi(x; y) = 0 (i = 2; 4) in Eq. (4.18) by the
vanishing determinants
e]1(x) = P11(x)P22(x)− P21(x)P12(x) = 0
e]2(x) = P31(x)P42(x)− P41(x)P32(x) = 0
(4.23)




e3(x) = e4(x) = 0 :
(4.24)
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Since NN = I, we could by a change of basis in the 2 dimensional vectorial space of
equations e]1;2 replace N by the identity matrix, as we did for e3;4 in Eq. (4.20). As
a result, the equations in (4.24) dene a singular space in N (0) that we can deform to
a smooth manifold by adding ti"
2
i (x) (i = 1; 2) to the right hand sides of the two rst
equations, where t1;2 are real numbers and "
2
1;2 are generic homogeneous polynomials
of degree two satisfying "21(x) = "
2
2(x^). This is summarized as
[
7̂ 2 2 2 2
]0;67
 
 7̂ 1 1 1 1 2 21_ 1 1 0 0 0 0




4.2. The web of G2 manifolds (CICY S1)=
As we have seen in Section 3.2, all complete intersection CY moduli spaces are con-
nected to M(1111), the moduli space associated to the last conguration matrix in Eq.
(3.10). As a result, G2 manifolds constructed by orbifolding a product C S1, where C
is a CICY may also be connected to one of the G2 manifolds descending fromM(1111).
There are 9 possible choices of antiholomorphic involutions, 6 of them involve at least


















































































Here the indicated Betti numbers do not take into account the contributions from the
twisted sectors. This is not to say that the web of G2 manifolds descending from
CICY splits into 9 disconnected components. Indeed, it is easy to nd sequences of
determinantal splittings and contractions that relate any of these 9 cases, as shown
in Figure 1. In the sequences we displayed, the absence of xed points is ensured
by taking an involution of type B on the CP7 factor. This rule is broken only when
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Figure 1: Sequences of transitions relating the 9 G2 conguration matrices descending from
M(1111). Only the rst column of the G2 conguration matrices is shown, the other ones
being identical to those appearing in the CY conguration matrices of Eq. (3.10). Dotted
arrows denote transitions to non-freely acting orbifolds.
arrows on Figure 1. It would be interesting to understand better these transitions with
xed points. For illustrative purposes, we also give in Figure 2 the sequences of G2
manifolds descendings the CY sequence (3.12) using the involution B on CP5, so that












































































Figure 2: Sequences of transitions descending from the CICY sequence (3.12). Only the
rst column of the matrices is shown, the other are as in (3.12).
only ones for which the involution is compatible with the CICY matrix, as discussed in
Section 2.4. Although the above sequences are suggestive, we have not shown that all G2
manifolds (CICYS1)= could be related to one of the 9 conguration matrices above,
since intermediate steps could in principle involve non-freely acting congurations.
Finally, we note that several of the manifolds in Figure 1 have the same value of
b2 + b3. As we mentioned in the introduction, this is a necessary condition for G2
manifolds to be mirror to each other, and it would be interesting to check if this is
indeed the case.
4.3. Black hole condensation in N = 1 vacua
Having described conifold transitions between complete intersection G2 manifolds at
the mathematical level, we now would like to understand these processes in string or
eld theory terms. As long as the nodal points are not xed under the involution,
the physical mechanisms will be very similar to the standard conifold case for CY
manifolds in N = 2 type II constructions. In [38], Z2 orbifolds of M-theory on K3S1
were considered, breaking N = 2 to N = 1 in 6 dimensions: In some cases, even
though the additional states arising at specic points in moduli space were not BPS
any more, they still inherited their mass formula from the N = 2 theory, so that they
were still massless after orbifolding. Similar arguments apply in four dimensions. The
precise mechanism will actually turn out to be somewhat dierent depending whether
b2 remains constant or decreases.
4.3.1. Transition at constant b2
This situation arises when the (N − R) homology classes of the N 2-cycles vanishing
at the singularity of the CY are odd under the involution w. Accordingly, the (N −R)
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U(1) gauge elds present in the N = 2 case are projected out, while the volumes of
the cycles together with the B-fluxes remain as chiral elds of the N = 1 theory. As
the 2-cycles shrink to zero size and grow into 3-cycles, no extra gauge elds appear, so
that b2 remains constant.
Since by assumption the antiholomorphic involution has no xed point, it maps
each node a to a dierent node w(a) (in particular, the number of nodes N has to be
even). Since for the cycles γa ! −γw(a), the Ramond-Ramond charged black hole elds
have to satisfy the projection relation
ha(x) = ~hw(a)(−x) ; ~ha(x) = hw(a)(−x) ; (4.29)
where x is the coordinate along S1. Ordering the N nodal points so that w(a) = a+N=2,
the even combinations Ha = ha + ~ha+N=2 and ~Ha = ~ha + ha+N=2 therefore remain
massless, while the odd combinations ha−~ha+N=2 and ~ha−ha+N=2 are projected out, or








IHa ~Ha ; (4.30)
with usual diagonal quadratic kinetic terms. In the phase where the complex scalar
elds T I condense, all black hole elds Ha; ~Ha acquire a mass, and we nd the massless
spectrum corresponding to the original G2 manifold G. If on the other hand the black
hole elds Ha; ~Ha condense, the (N −R) chiral elds T I acquire a mass. The counting
of the massless spectrum goes as follows: To the b3 chiral multiplets at a generic point
of the moduli space, we add N ones associated to the Ha; ~Ha, substract (N −R) from
F-terms associated to each of the T I ’s and another (N − R) from the T I that become
massive. As a result, we nd a new branch of flat directions of complex dimension
b3 + 2R − N . This spectrum corresponds to a compactication on a G2 manifold,
whose Betti numbers b02, b
0
3 satisfy
b02 = b2 and b
0
3 = b3 + 2R−N : (4.31)
In the examples we considered explicitly, since we had R = N − 1, we have b03 =
b3 + N − 2, reproducing the Betti numbers of the examples we considered with b2
constant, as can be checked using Eq. (3.9). The transition between G2 manifolds at
constant b2 is therefore realized physically by the transition between two branches of
N = 1 vacua.
4.3.2. Transition at decreasing b2
This situation occurred in the examples we considered when some CPn(CPn)0 pairs of
factors acted upon by involutions C were shrunk to zero size. Let N be the number of
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nodal points arising from the vanishing of the Ka¨hler moduli of CPn. Under the involu-
tion w, these are exchanged with the N nodal points arising from the vanishing of the
other projective factor. By the same token as above, the 2N black hole hypermultiplets
of the N = 2 theory reduce to 2N chiral multiplets Ha; ~Ha. On the other hand, the
2(N − R) N = 2 vector multiplets reduce to (N − R) N = 1 vector multiplets (from
the even homology) and (N−R) chiral multiplets (from the odd homology). The latter
are neutral under the gauge group U(1)N−R, while the black hole states have charge














jHaj2 − j ~Haj2
)
: (4.33)
In the Coulomb phase, where the T I condense and give a mass to the charged scalars
Ha; ~Ha, we nd the expected massless spectrum of the compactication on the G2
manifold G. In the Higgs phase, where Ha; ~Ha acquire an expectation value, the gauge
group is Higgsed and the T I acquire a mass. The counting of massless chiral elds
goes as follows: We start with b3 + 2N chiral elds, impose (N −R) F-term conditions
associated to each of the T I ’s as well as (N − R) real D-term conditions, gauge x
(N − R) real broken generators and nally give a mass to the (N − R) T I elds. The
resulting spectrum is therefore that of a compactication on a new G2 manifold G0 with
Betti numbers
b02 = b2 − (N −R) and b03 = b3 + 3R−N : (4.34)
These Betti numbers are precisely what we found from determinantal contraction in the
cases where involutions C were considered, as can be checked from Eq. (3.9), renaming
N into 2N and taking R = N − 1. We see that this situation is similar to what was
already happening in the N = 2 case, namely the transition from one moduli space to
another is a realization of a Higgs mechanism.
5. Fixed points and conifold transitions
Our discussion of conifold transitions in G2 manifolds has so far been restricted to the
case where the antiholomorphic involution acts without xed points. A simple way to
achieve this was to choose the freely-acting involution B for one of the factors of the
projective space. Clearly, even if the involution has xed points, the mechanism of the
conifold transitions in G2 manifolds will remain the same as long as the nodal point
themselves are not xed under the involution, but exchanged with one another.
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On the other hand, when the nodal point is xed by the antiholomorphic involution,
the local geometry changes drastically, and new phenomena can be expected. A simple







4 =  (5.1)
and the type A involution w: zi ! zi, requiring  2 R. Writing zi = xi + iyi, we
recognize the dening equations (xi)2 − y2i = ; xiyi = 0 for the cotangent bundle
T S3. For non-zero negative , there is no real solution to equation (5.1), so that the
orbifold (T S3  R)=wI, where I: x ! −x on R denes a smooth non-compact G2
manifold. At  = 0, the manifold has a nodal singularity at z1;2;3;4 = 0, which may be
resolved into an S2, thereby changing the topology to the bundle O(−1)O(−1) over
S2. Note that the nodal point is mapped to itself under the antiholomorphic involution,
a case that we explicitely excluded from our discussion in Section 4.
For  > 0 on the other hand, there is a non-empty xed point set, namely the
zero section S3 of the bundle T S3. This appearance of a special Lagrangian 3-cycle
is reminiscent of the transitions studied in [26], but in this case the 3-cycle collapses
completely into a point, in contrast to the partial degenerations studied there. The
quotient (T S3  R)=wI now has a conical singularity, which needs to be resolved in
order to make a smooth G2 manifold. Unfortunately, in this case b1(S
3) = 0, so that
according to [18] the singularity in the quotient G = (T S3R)= cannot be resolved,
while keeping a G2 holonomy. Examples of special Lagrangian 3-cycles with b1() > 0
can however be found in [14], and for our purposes we can simply replace our local
model by the cotangent bundle T  of some three-dimensional compact manifold 
with b1() > 0. The xed point of the involution is then  again, which appears
as a special Lagrangian 3-cycle of the local CY geometry T . In the vicinity of
the conical singularity, the orbifold G = (T   R)= looks like (R3  R)=Z2  ,
where the Z2 acts by reversing the coordinates x along R and y
i along the bers.
The singularity can be resolved by gluing in an Eguchi-Hanson space with the same
asymptotic topology (R4=Z2), at each point of the 3-cycle . The singular point at
x = yi = 0 is resolved by the Eguchi-Hanson space into a 2-sphere S
2, adding one
unit to the degree 2 cohomology of G. Tensoring with the one-forms on , we also
get additional 3-cycles Γi (i = 1; : : : ; b1()), which can be seen to be associative, i.e.
calibrated by the G2 structure  on the resolved G2 manifold [30]. Altogether, the
Betti numbers of the resolved non-compact manifold are changed to
b02 = b2 + 1 ; b
0
3 = b3 + b1() ; (5.2)
where the b1() chiral elds are Wilson lines in the  directions for the additional
U(1). (In the compact case these contributions have to be doubled, in order to take
into account the two xed points of the involution on the circle S1). The increase in
b3 implies that the manifold admits new deformations preserving the G2 holonomy,
measured by the fluxes Ci =
∫
Γi
 of the G2 form on the b1() 3-cycles. These
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correspond to changing the volume of the 2-sphere of the Eguchi-Hanson space, as well
as the metric mixing the Eguchi-Hanson and  directions. From that point of view,
it is clear that the resolution cannot be performed if b1() = 0, since the resulting
singularity would then be frozen [18]. The conical singularity is recovered when all Ci
are scaled to zero at the same rate. Individual 3-cycles can also be shrunk to zero by
sending one of the Ci’s to zero.
From this discussion, we see that two dierent branches may emanate from the
conifold singularity, when a nodal point is mapped to itself under the antiholomorphic
involution w and deformed to a 3-cycle. In the rst case ( < 0 in (5.1)), the singularity
is resolved into a 3-cycle, which has no xed point under , yielding a smooth G2
manifold. In the second case ( > 0), the singularity is resolved into a 3-cycle  which
is xed under ; one then has to further resolve the singularity by blowing up an S2.
This only gives a G2 manifold if b1() > 0. The conifold locus  = 0 splits the moduli
space of G2 manifolds on the T
 side into 2 disconnected components with dierent
Betti numbers.
A similar discussion applies to the other O(−1)O(−1) side of the conifold, where
the xed nodal point is resolved into a sphere S2 3. The latter is mapped to itself by
the involution , and is odd in homology under , so that its size is not frozen to zero.
The sphere may however have a vanishing or non-vanishing xed point set under the
involution on this branch. In the rst case, the involution is freely-acting (of type B),
so that the sphere S2 descends to an RP2 on the quotient, which is now a smooth G2
manifold. In the second case (type A), the sphere has a circle of xed points, so that
it descends to a disk D2 on the quotient. The circle of xed points is part of a xed
special Lagrangian 3-cycle, which has to be resolved in the same way as above.
It would be quite interesting to nd a eld theory mechanism accounting for the
transition between these three branches. Clearly, an important role must be played
by the black holes coming from M2 branes wrapping the extra Eguchi-Hanson sphere
S2 on the T  side of the conifold (note that this 2-cycle is not calibrated, hence the
stability of these states is not guaranteed). When b1() > 0, the condensation of these
charged states should Higgs the U(1) gauge eld coming from S2, as well as give mass
to the b1() Wilson lines chiral elds. When b1() = 0, supersymmetry has to be
broken spontaneously when  > 0, since the resolution of the conical singularity does
not preserve the G2 holonomy. This is precisely the phase structure of the Fayet model,
with one chiral multiplet, which was proposed in [27] in order to describe one of the 3-
cycle transitions studied by Joyce. Unfortunately, we have not been able to generalize
it in order to accommodate our transitions at b1() > 0. It is conceivable that the
states coming from membranes wrapping the RP2 or D2 on the O(−1)  O(−1) side
may play a role in the resolution of this puzzle.
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